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"The present paper concerns formal solutions of the wave equation and of elasticity
theory equations which differ substantially from zero only in the neighborhood of some
surface. Physically, such solutions correspond to a wave field whose intensity is markedly
different from zero only near this surface. The reflection and refraction of such waves
can be considered,

The frequency W is assumed to be high, All of the arguments to follow are based on
the parabolic equation method 1 ].

1, The scalar case, Derivation of the parabolic squation.

Let a wave process be described by a wave equation with the variable velocity b,

1 2 a2 3
oy Un—AU =0, M=M(z,y,z) (A=3§—‘@?+W) (1.1)
Further, in the neighborhood of some smooth surface S let the function I/ be of the

form

U~exp{—io [t — 1 (M)} V(M,0), @ —o (1.2)
Here I/ is a function which differs markedly from zero only near S and varies slowly
as compared with the factor exp {- § W [¢ ~T(M)1}, and T(M) is some function of the
point M(Xx, ¥, 2, ).
Examining the case where S’ coincides with the plane 2 = 2 o and where

B(M)=b(z), b (2)=0, b"(z)>0, T(M)= V=V(z0)

_z
b (zo) ’

we readily see that solutions concentrated in the neighborhood of 2= 2, do, in fact
exist: the domain where V' is markedly different from zero is of the form

az™
By analogy with this special case, we can assume here that the domain where

V~ 0 (@) is of the form
i
=0 (vz)

Here V is the distance along the normal from S taken together with its sign. Further,
in the "boundary layer" |v|= 0 (0='") we set

1 o™
Z~— Zo:o(v—a—)’ u__.__V=0(mm/2), if V=0(1)
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Here 0/0 8y, 9/0 8p represents differentiations tangentially to 5, Let us impose on
S a coordinate grid consisting of the curves T(M)=const, M& § and the curves ortho-

gonal to them, We shall assume that the resulting coordinate grid o, T is regular, In
the neighborhood of S we introduce curvilinear coordinate in accordance with Formula

V =0 (o)

X=X 1+, 1), X=X(,y, 2 (1.3)

Here X = X (Q, T) is the parametric representation of the surface S, n=n(Q, T)
is the unit normal to 5’ at the pointQ, T; V is the distance of the point (X, ¥, 2)=X
from 5., We shall assume that v is of a different sign to each side of .5,

We shall make se 0 of the following expression for the Laplacian; if in the curvilinear
coordinatesg*,g°,g°>, an element 4.8 is given by

ds = Y Gy;dg' dg’ (1.4)

then

VG o

The matrix ||G* J|| s inverse to the matrix ”G1 3 H.
In the case of the coordinatesQ, T,V the matrix

A=___.__,_( w,/“"” ) G = det|Gy| (1.5)

Gﬂ(l Ga.‘l' 0
"Gi;‘ H =l Gy Gex O
0 0 0

Ga“‘ = lX“ Iﬂ + 2 (X‘\7~7 na) v + vznazv Gr‘t = IXT 12 + 2 (X-g, nt) v+ n12v2
Gaz = Gra = (X, Xeo) + [(Xa, Do) + (Xzy Be)] v + (Ba, Do) V2 (1.6)
G¢v=Gw=Gvu var=O, Gw=i

Substituting Expression (1, 2) into Equation (1, 1) we obtain

A (Ve) + gty M) _9_ ygier — () A.7)

Let us make use of Formulas (1, 5) and (1, 8), assuming that
0 1 ghtl+m v 0( m,s)
b4 —_— ], e == [1)]
( Va ) ok gal gv™

In the left~hand side of Formula (1, 7) the principal terms are those of orders 2%, w's,
®. Equating terms with @? and ©'s,to zero, we obtain, respectively

1 (X..n) @ ( 1 )

B

=0

— G|y =0, — 27 TXF T WA\

=0
These equations mean that on the surface S the lines along which the parameter T

varies (i, e, the lines((= const) are rays, i, e. extrema of the Fermat integral J 5 tds,
Thus, the surface S'is a "weave” of rays— something which might have been expected,
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Finally, we equate to zero the terms of order W to obtain

3w . 0 0 VTGV 4O 202V = 0 1.8

where

bvv 4 (xa' na) (Xt' nt) -+ 3 l Xa [ l n, ls
Plvy=—z| + X, PIX,F

Vs

2, The scalar case, Solution of the parabolic equation. Asis
common in problems of this type, we substitute variables;

v=VYov@nl V=V VGG exp(—ip:/VCLHYW
where ¥ is a function to be determined,
For the new required function we obtain
N2 T < ®(a,7) 2iG*° W er
W 40 (5 67) +5r (07 ) T W= R Wk W
In order to guarantee separability of the variables it is sufficient for us to equate the
expression in square brackets to a constant, This yields a linear second-order equation
for determining ¥ (&, T),
Let this constant (*) be - 1

(2.1)

1"1."!‘ Tt 2 G’e‘! \pr T (D
e+ Fge)—s-— oo
The substitution
S S
V=@

allows this equation to be written as

g 1 (%) @ (a,v)
5+ F(a,7) = o F(a,1) = G‘:t — Gy (2.3)
The general solution of this Eq, is
2 s
B(r)= (15.1 | G () Y (T)) (2.4)
Here /1, /= is any pair of linearly independent solutions of Eq,

v+ Fy =0
It can be shown that the determinant of the positively defined matrix l , Qyx “ is related

to the Wronskian of the solution (}/3, /2 ) by Expression

det | agl _

) A
When relation (2, 2) is fulfilled the variables in Equation (2, 1) become separable and

we obtain :
W=2()Voexp(— 3\.36“1};2 dr)
Here £ ({) is the solution of
Z' 4+ (h—01) Z=0

3 The assumption that {'=— 1 does not limit the generality of our discussion, singe for
> 0 the solution is not concentrated in the neighborhood of U = 0, while ('< 0 (5e -1)
drops outof the final formulas,
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The equation for Zis Weber's classical equation, It has a solution which tends to zero
at infinity if and only ifA = 272 + 1,72=0,1,2,..,. In this case

Z = Zn () = exp (— '/,8") H, (L) (2.5)
where /(C) is the 7 - th Hermite polynomial,
Collecting the above formulas, we obtain Expression

_ b i (2n +1)
U=x) ¥ exp [ Sb%zd — W é*]
X exp = H, () eot-D  (n=0,1,2,..)) (2.6)
v b2
T Verwn Yo mmw

Here # (@) is an arbitrary function of(, and B is given by Formula (2. 4). Solutions (2, 6)
are precisely the quantized- thickness wave film type solutions we have been seeking,

For[t | < }/2n + 1 the function (2, 5) oscillates; for 1zl > V2n + 1 — it tends
monotonously to zero,

Thus,|§| = ¥/ 2r + 1 is the arbitrary thickness of the domain or "wave film" where
the oscillations occur, Substituting for G its expression, we find that the thickness of the
wave film is "quantized" and can assume values of the form

R 1 —01 92 ¢
lvl V2n+1m "I?(a,'lf) (n=0,1,2,...) (2‘7)
3, The energy conservation law, Reflection and refraction of
wave film type waves, 1, For waves of this type, the energy propagates along
the rays in the first approximation,

Let us elaborate this staternent, In the case where the wave process is described by
Equation ( 1, 1), the energy density is of the form

5 575y V01 + 5 T+ U0, + U.T)

The bar denotes the complex conjugate,

Let us consider the energy d £ confined in the small volume

0 <ue<<{ g +da, t<{TEFdr, — vV v v=0 (1) (@B.1)

Here ¢ is time, In computing dZ we make use of Expression (2, 6), In the small
moving volume (2, 8) as W =% we consider only the principal energy term, which gives
1 b ¢ z

E = (a)]? W¢Q2FS exp — - Hy () dv|X,|dv| X |da

Making use of the factthat [ = Yoy (a, 7)|v, |X.| =05  and replacing

the integration limits by £, we arrive at the Formula
+o0
dE =1y @ | exp=F H, (@) dgwhdvde =| 1 @) A7 Aan! Y Zn

~—00

This expression depends solely on the ray, Thus, the energy in moving volume (2, 8)
does not change when this volume moves along rays with the wave velocity b

2, Waves of the wave film type can be reflected and refracted, The reflected and
refracted waves are defined unambiguously and are also waves of the wave film type,
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Let some surface L be struck by a wave of the wave film type, We assume that Z
and the surface S intersect at nonzero angles, If the classical boundary conditions
Ug =0 for [0u/ on)g = 0, are fulfilled on the surface Z, then one wave film
will not satisfy a boundary condition of this type,

The reflected wave will be sought on the basis of the fact that the sum of the incident
and reflected waves satisfies the boundary condition, i, e, that

2 I
Ui+ Usls = 2 %(e) l/IT’f—pr,exp [—‘2_"—+—‘ Sb’%’dtl —
i,j=1
A .
— b:;”;s g,ﬂ]exp Sk —— Hy;exp [—io (¢ — 7))] | =0

The quantities referring to the incident and reflected waves are denoted by the sub ~
script 1 and 2 respectively,

Let us limit ourselves to the boundary condition {/ I = 0; the case of the boundary
condition [0/ On ] 5= 0 can be analyzed in similar fashion,

First, in order for the Expression (U, + Uz ) | 5 to be capable of going to zero, it is
necessary that the most rapidly oscillating terms coincide,

Let O be the intersection of S’ and 2 and let £ be the family of lines on £ ortho-
gonal to O, We shall assume that one and only one line £ passes through each point
on Z near G,

Coincidence in principal terms of the most rapidly oscillating factors in the express-
jons for (4 and U requires that

61'3
s ol

Here OT; /04 is the derivative of T, along the arc of the curve £,

These conditions are equivalent to the fact that the surfaces SJ of the incident and
reflected wave films intersect © at equal angles, i, e, the angle of incidence of wave
films is equal to their angle of reflection,

Thus, the factors exp[— /oL 1Hn; (§;) (j = 1, 2) coincide if 71 =72 and
0%y | 0l = 0Ly / 0l |s (Our statements are valid to within the principal terms, )
Eqor /3l = aL, /0 ll‘,is equivalent to

Ve (@, T) = P (o, T) Ic (3'2)

Next, we equate Expressions

ot
Tilo = Talo '5;‘

-]

. 0 0, . 2 92
(— s Bt pofr o Lol e 33

Here £ is the arc length along the curve £ as measured from O, Making use of the
fact that there exist the finite limits

lim (2 /0l?) 1—0

we can readily find 0y 5/dT ,0 from (3, 3),

Thus, the function Y and its first derivative are known on 0, We recall that Ypis the
solution of an ordinary differential equation of the (2, 2) type along the reflected ray,
Specification of the initial conditions for this equation determines its solution, i, e, the

function Yz, unambiguously,
Now only those factors which are constant in the first approximation throughout the

thickness of the film differ in Expression for {/; and J/,, Equating them with the oppo-
site signs, we determine X5 () unambiguously, The refraction of wave films can be
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considered in analogous fashion,

4, Propagation of elastic oscillations of the wave film type,
Without making any fundamental alterations, we can use the same technique to find
waves of the "wave film" type for transverse elastic oscillations.

We introduce the same coordinates Q., T, v as in Secs, 1 and 2, We assume from the
start that the wave film surface O'is "blanketed” by rays,

Let an element of length in the curvilinear coordinates qJ’,g g be given by (1. 4),
Further, let Cp Cp2 c;? be components of the dlsplacement vecto* in these coordinates;
more lprec1sely, if elastic deformation shifts (* )/ (q ge q ) to the position
M@ .37 q “),then @f = ¢i' — gi (j = 1,2, 3).  The system of elasticity theory
equations in the coordinates g is of the form

B o F N
ory GG —«(ossfc“ VG)+ @,T““"G“ VG) —
—20G VG ’“‘2 =0 =123 (4.1)
at

The recurring indices denote summation from 1 to 3,
Here 0  are the components of the stress tensor related to the displacement vector

by the exp:‘essions (Hooke s law)

A
-V'G as(q) .'/__)Gl.?‘i'"p’[

We shall assume that the Lame parameters A and jl are smooth functions of the coor-
dinates and that the displacement vector is of the form

U=Veiolt==01jy,  |l|=1, L | 71, k]S

(transverse waves); hence,

bij = e iz a“’ 1 Gy ‘j}q’ ] (4.2)

= | Xy | Verioli=s0], gl = ¢? =0 (4.3)
Let us assume that the derivatives of [/ are of the order
ar+k+m

— 1/
da” ark gv™ V'=0(w%m)

Substituting the expressions for ¢ ' . (:p2 . ©° from Formulas (4, 3) into Formutlas (3, 1)
and (3, 2) (the components of the tensors (7 4, @' are of the form (1,6)), we find that
terms of orders ®?, w¥?, o drop out of the firstand third equations, More precisely,
left-hand side of the first Eq, is of the order 0(1), while the third is of the order
0 (07'3),

The principal terms in the second equation are of order W, Equating them to zero, we
arrive at the parabolic equation

2w T‘E rr 2 1 <t —
vv+'_‘ 1'+ .'/—GG VGP'Gaa,V“}‘((D ’ —G )V 0
This equation is solved in exactly the same way as Eq, (1, 8), The final Formulas are
2"‘“ 2442 iy’
_I/IXll/-——exp Sbmp dv — b%a}x

X exp —= H (%) eiot=0) ], (g_ V(mp(a T) 1 -/ P (4.4)

Here A, is a Hermxte polynomial, b is the velocity of the transverse waves and
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y(a, T) can be found from Eq,

B 4 =5

B '[" F(a” T) - Bd * {3 1p
bn‘ bvv 4(Xa' nq)(x-r’ n'v) +3 | xa ll | n. ? -
P X, FIX, T (45)

As in the scalar case, we can consider reflection and refraction of wave films of the

type just investigated, For waves of the (3, 4) type the energy propagates along "rays"
in the same sense as in the scalar case,
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